We derive an exact expression for the time-averaged electromagnetic energy inside a chiral dispersive sphere irradiated by a plane wave. The dispersion relations correspond to a chiral metamaterial consisting of uncoupled single-resonance helical resonators. Using a field decomposition scheme and a general expression for the electromagnetic energy density in bi-anisotropic media, we calculate the Lorenz-Mie solution for the internal fields in a medium that is simultaneously magnetic and chiral. We also obtain an explicit analytical relation between the internal electromagnetic field and the absorption cross-section. This result is applied to demonstrate that strong chirality leads to an off-resonance field enhancement within weakly absorbing spheres.
Introduction
Metamaterials are artificial structures with engineered electromagnetic (EM) response that may exhibit unusual properties such as negative refraction [1] , image resolution beyond the diffraction limit [2] , optical magnetism [3, 4] , EM cloaking [5, 6] , and slow light propagation [7] . One possible route to achieve negative refraction requires that the real parts of the electric permittivity and magnetic permeability are simultaneously negative [1, 2] . This condition can be achieved with metamaterials composed of periodic structures containing both electric and magnetic resonators [1] . Another route for negative refraction involves single-resonance chiral metamaterials (CMMs), with neither electric permittivity nor magnetic permeability negative required [8] . Although physically different, both routes explore resonant metamaterials, which are necessarily absorptive and dispersive.
The EM energy density in absorptive and dispersive media, which is crucial for many applications in photonics, was firstly derived for nonmagnetic materials [9] and then generalized for composite magnetic media [10] . For the particular case of wire-split ring resonator metamaterials, there basically exist two methods to calculate the EM energy density: the equivalent circuit [11] and the electrodynamic [12] approaches. These methods were shown to be non-equivalent and the apparent inconsistency between them has been solved in [13] . Specially, * tiagoarruda@pg.ffclrp.usp.br this latter result has been recently used to calculate the EM energy within a coated magnetic sphere [14] , an important geometry for applications in plasmonics. The methodology developed in [13] has been also employed to derive the EM energy density stored in single-resonance CMMs composed of uncoupled helical resonators [15] . To the best of our knowledge, the case of the EM energy within a dispersive sphere which is simultaneously chiral and magnetic, such as the CMM composites, has not been treated so far.
The aim of this paper is to derive an exact expression for the time-averaged EM energy inside a CMM sphere and its connection to the absorption crosssection. Based on the Bohren's decomposition of the EM field for optically active spheres [16] , we obtain the Lorenz-Mie solution for the internal fields in the magnetic case [17, 18] . We investigate the behavior of internal resonances inside the sphere (near-field) and their corresponding resonances in the extinction efficiencies (far-field). In particular, we derive an explicit expression for the absorption efficiency in terms of the internal EM fields that reveals that strong chirality leads to an off-resonance field enhancement within weakly absorbing spheres.
This paper is organized as follows. In Sec. 2, we formulate the problem of EM scattering by spherical CMMs and derive the main analytical results of the paper. In Sec. 3, we present the numerical results, whereas Sec. 4 is devoted to the conclusions.
Basic theory Let us consider a plane and monochromatic EM wave [E(r), H(r)]
T exp(−ıωt), where ω is the angular frequency and T is the transpose operator. This wave is incident to a linear, spatially homogeneous and isotropic CMM sphere, with radius a and dispersive optical properties [ǫ 1 (ω), µ 1 (ω), κ(ω)], where ǫ 1 and µ 1 are the electric permittivity and magnetic permeability, respectively, and κ is the dimensionless chirality parameter. The surrounding medium is assumed to be the vacuum (ǫ 0 , µ 0 ) and the constitutive relations concerning to the sphere material are [15] 
where c = 1/(ǫ 0 µ 0 ) 1/2 is the speed of light in vacuum and ı 2 = −1. The refractive indices associated with the right-circularly polarized (RCP,+) and left-circularly polarized (LCP,−) waves are m
Hence, for a real positive κ, it is possible to obtain negative refraction for LCP waves even if the real parts of ǫ 1 and µ 1 are positive [8] .
The constitutive relations in Eqs. (1) and (2) for time-harmonic fields are based on the symmetrized Condon relations as discussed by Silverman [19, 20] . Following [15] , the constitutive parameters of a singleresonance chiral metamaterial are [21] :
where ω p and ω 0 are the plasma and resonance frequencies of the resonators, F is a dimensionless filling factor in one unit cell (0 < F < 1), Γ is a dissipative coefficient and A = ±ω p F 1/2 [15, 21] . Both µ 1 and κ depend on the filling factor F ; in particular, |κ| 2 ∝ F . To guarantee the validity of these constitutive parameters, we assume that the relevant wavelength within the sphere is much longer than the lattice constant associated with one unit cell of the uncoupled helical resonators [21] .
2.A. Energy density in single-resonance chiral metamaterial For a harmonic wave in a medium [ǫ 1 (ω), µ 1 (ω), κ(ω)], described by Eqs. (1)- (5), the time-averaged EM energy density is
where the effective energy coefficients are given by [13, 15] 
Under the lossless assumption (Γ = 0), these coefficients assume the well-known form [22] : ǫ eff = ∂(ωǫ 1 )/∂ω > 0, µ eff = ∂(ωµ 1 )/∂ω > 0 and κ eff = ı∂(ωκ)/∂ω, with ǫ eff µ eff > κ 2 eff . Therefore, the timeaveraged EM energy W t within the metamaterial sphere is obtained from the integration of Eq. (6) with respect to the volume of the particle:
where r is the radial variable, and θ and φ are the polar and azimuthal angle variables in a spherical coordinates system centered in the sphere, respectively, and u t = u t (r, cos θ, φ) is given by Eq. (6). We emphasize that Eqs. (7)- (9) are not general, since they are derived for a special kind of CMM medium with constitutive relations and parameters given in Eqs. (1)- (5).
2.B. Electromagnetic scattering by an optically active sphere
The exact solution for the EM wave scattering by an optically active sphere is developed in [16] . Here, we generalize this solution to dispersive media that are both chiral and magnetic, and explicitly calculate the multipole moments associated with the internal EM field. Following [16] , the sphere constitutive equations are
which are known as Drude-Born-Fedorov (DBF) relations [23, 24] . The quantities ǫ
and β are phenomenological coefficients that describe the optical activity. Equations (11) and (12) are different from the corresponding constitutive Eqs. (1) and (2). However, assuming the time-harmonic dependence e −ıωt , the curl macroscopic Maxwell's equations ∇ × E 1 = ıωB 1 and ∇ × H 1 = −ıωD 1 hold for both set of constitutive relations. Setting α = βω and γ = κ/c, one can easily demonstrate that the Condon and DBF constitutive relations are equivalent by the substitutions [23, 24] 
with inverse relations [24] :
The relations above between the constitutive parameters in DBF approach and Eqs. (1) and (2) , β] and calculate the time-averaged EM energy in the system of parameters (ǫ 1 , µ 1 , κ). According to [16, 25] , we can relate these phenomenological coefficients to the complex refractive indices m L and m R through
where k q = km q is the wave number in the active medium [ǫ
, β], with q is either L or R for refractive indices associated with left-circularly polarized (LCP,−) or right-circularly polarized (RCP,+) waves, respectively, and k is the incident wave number. Explicitly, one has 1/k R = 1/k
Since the real parts of ǫ can both assume negative values, it is convenient to write k
The macroscopic Maxwell's equations for harmonic waves in DBF approach are (
To diagonalize K and simplify the system of equations, one can use a linear transformation of the EM field [16, 25] :
The EM lefthanded and right-handed waves Q L and Q R , respectively, are the vector basis for the Bohren's decomposition scheme and independently satisfy the vector
Solving these equations for the transformed fields Q and returning to the original internal EM field (E 1 , H 1 )
T , one obtains in the spherical coordinates system (r, θ, φ) the electric field components:
where
with q is either L or R, and E 0 is the amplitude of the incident EM wave. The corresponding magnetic field H 1 is obtained from Eqs. (18)- (20) by replacing (f n , α R g n ) with (α L f n , g n ). The radial functions ψ n (ρ) = ρj n (ρ) and ξ n (ρ) = ρ[j n (ρ) + ıy n (ρ)] are the Riccati-Bessel and Riccati-Hankel functions, respectively, where j n and y n are the spherical Bessel and Neumann functions. The angular functions are π n = P 1 n (cos θ)/sin θ and τ n = dP 1 n (cos θ)/dθ, with P 1 n (cos θ) being the associated Legendre function of first order. Expansions of the incident and scattered EM fields in terms of vector spherical harmonics can be found in [25] . Using Bohren's notation [16] , the Lorenz-Mie coeffi-cients for the splitted internal fields are: (26) where x = ka is the size parameter and the effective impedance index m is
with m = mµ . The internal coefficients g on and g en have dimensions of α L and, thereby, it is expected to appear in the dimensionless calculated quantities the products α R g on and α R g en .
2.C. Electromagnetic energy within chiral spheres
To calculate the time-averaged EM energy within a spherical particle, we follow the same procedure of [14, [26] [27] [28] . We define the partial contributions to the average EM energy W t , since this quantity can be written as a sum of the electric, magnetic and magnetoelectric coupling terms:
, with the region of integration V being the volume of the chiral sphere. For a sphere with radius a having the same optical properties as the surrounding medium (ǫ 0 , µ 0 ), the average EM energy is
In particular, consider the radial and angular contributions to the electric energy: W E t = W Er t + W Eθ + W Eφ t . Explicitly, the radial contribution is
where we have used (2n + 1)
2 θ = 2n(n + 1)δ n,n ′ to simplify this expression [25, 27] . Analogously, the angular contribution to the electric energy is
, which leads
where we have used the following relations [27] : (2n + 1) [27] , we obtain
where A and B can be either L or R. Note that the left-hand side of Eq. (30) appears when we calculate the average electric energy W E t as the sum of Eqs. (28) and (29) . Indeed, the right-hand side of Eq. (30) is used to simplify the calculations, once we have the analytical solution for the integral [27, 29] 
with y A = m A x, y B = m B x, and we assume m A = ±m * B . For m A = ±m * B , the L'Hospital's rule provides [27] lim
Therefore, defining the dimensionless functions
and summing W E t = W Er t + W Eθ + W Eφ t , from Eqs. (28) and (29), and using Eq. (30), we finally obtain
where S E = S (−) is a sum associated with the volume integral of |E 1 | 2 . Analogously, from the calculations of W H t = W Hr t + W Hθ + W Hφ t and W EH t = W EHr t + W EHθ + W EHφ t , we obtain the magnetic and magnetoelectric coupling terms:
where S H = S (+) and
are related to the volume integrals of |H 1 | 2 and (E * 1 ·H 1 ), respectively. In Eq. (39), we have considered the fact that (µ 0 /ǫ 0 ) 1/2 = ı mα R . Equations (36)-(38) are the main analytical results of this study. Together with the constitutive relations and parameters associated with a single-resonance CMM, Eqs. (1)- (5) and Eqs. (7)- (9), and the transformation relations from this parameters system to the DBF approach, Eqs. (13)- (15), we can readily calculate the average EM energy W t within a CMM sphere. In particular, one can obtain the timeaveraged power loss P t from the internal energy W t by means of the following substitutions in Eqs. (36)-(38) [15] :
where (ǫ
, the imaginary parts of the constitutive quantities. Also, the scattering, extinction and absorption efficiencies are calculated, respectively, as follows [25] :
where the signal "+" is chosen for RCP waves and "−" for LCP ones, and the scattering Lorenz-Mie type coefficients a n , b n , c n and d n are:
The mean absorption efficiency Q abs due to both RCP and LCP waves is given by Q abs = (Q abs,L + Q abs,R )/2. Following [14, 30] , the power loss P t is proportional to Q abs , and, thereby, depends on S E , S H and S EH calculated above. We have analytically obtained that the exact relation between the internal fields and the absorption efficiency is
where x = ka is the size parameter. For weakly absorbing spheres with positive refractive index m = m ′ + ım [26, 27] . Therefore, in the weak absorption regime, one can approximately calculate the behavior of the internal energy W t from Q abs .
Numerical calculations
Here we present numerical calculations obtained from a computer code written for the free software Scilab 5. In Figs. 1 and 2 , we show the extinction efficiencies and the associated refractive indices for LCP and RCP waves, respectively, corresponding to EM scattering by a CMM sphere with effective parameters given by Eqs (3)- (5) . Three values of the filling parameter F are considered here: F = 0.1, 0.5, 0.9. Note that the real part of m L in Fig. 1(a) does not assume negative values in this frequency range and decreases with the filling parameter F for f < f 0 ≈ 0.32 THz, and increases for frequencies right above f 0 (f = 0.4 THz to 0.5 THz). As it can be noted in Fig. 1(b) , Q ext,L decreases with increasing the chirality parameter |κ| ∝ F 1/2 . The opposite is observed in Fig. 2 . For frequencies above f 0 ≈ 3.2 THz, the real part of m R is negative and |m R | increases with the chirality parameter κ, Fig. 2(a) . This leads to an enhancement in Q ext,R , Fig. 2(b) , where the resonance peak for Re(m R ) < 0 is displaced to high frequencies.
An interesting result is obtained when we calculate the internal energy, Fig. 3(a) . Note that, although the mean extinction efficiency Fig. 3(b) is increasing with the chirality parameter κ for f > f 0 and Re(m R ) < 0, the internal energy is decreasing simultaneously. For a sufficiently strong chirality parameter, the LCP waves tend to be suppressed, as can be seen in Fig. 1(a) . Correspondingly, strong chirality favors the reflection of RCP waves on the interface between the CMM sphere and the surrounding medium. Since Q ext increases as κ increases for Re(m R ) < 0, we conclude that incident waves are strongly reflected by the surface of the sphere and, for this reason, do not contribute to the internal energy.
In Fig. 4 , we use the same parameters as above, assuming now F = 0.8 ("strong" chirality) as a function of the absorption coefficient Γ = Gω 0 , where G = 0.05, 0.005, 0.0005. Here, we notice some regions where weak absorption (Q abs ≈ 0) leads to weak extinction (Q ext ≈ 0), and increases the amount of energy stored in the CMM sphere. This effect occurs above f 0 , in the range 0.37 THz< f < 0.40 THz, see Figs. 4(a) and 4(b). For f ≈ 0.37 THz, Q abs and Q ext almost vanish for G = 0.0005, but the value of W t in Fig. 4(c) is still large. In addition, there are resonance peaks in the internal energy around f 0 that do not correspond to a peak in Q ext , such as the one at f ≈ 0.28 THz. This behavior is indicated by a solid arrow in Figs. 4(b) and 4(c) and suggests the existence of off-resonance field enhancement within the sphere. These resonances are related to interferences between two different Lorenz-Mie type coefficients, such as f n g * n in W t , Eq. (35), and a n c * n in Q sca , Eq. (43), and are explained in terms of the Fano effect [31] . This effect also occurs for coated spheres containing dispersive Drude-like materials with low absorption [32] .
Conclusions
We have calculated the time-averaged energy inside a CMM sphere using a set of dispersive realistic parameters provided by an effective medium theory [21] . Using the decomposition of the EM field in LCP and RCP waves [16] , we have obtained the internal fields for the magnetic case and the respective Lorenz-Mie coefficients in DBF approach. Since the energy density in an isotropic chiral media is commonly calculated from the Condon constitutive relations [19] , a transformation of parameters has been applied to obtain the exact expression for the internal energy. We have expressed the absorption efficiency in terms of the internal energy and the constitutive parameters. Although the internal energy decreases with the chirality parameter in the region of negative refraction for RCP waves, the mean extinction efficiency increases as the chirality parameter increases. Our results reveal that, in the small-particle limit, off-resonance field enhancement occurs for weakly absorbing spheres with strong chirality. We show that this effect is due to field interferences between different multipolar moments, which lead to Fano resonances in electromagnetic scattering. We hope that our findings could be exploited in applications involving dispersive CMM scatterers and Fanoshells.
